The probe method gives a general idea to obtain a reconstruction formula of unknown objects embedded in a known background medium from a mathematical counterpart (the Dirichlet-to-Neumann map) of the measured data of some physical quantity on the boundary of the medium. It is based on the sequence of special solutions of the governing equation for the background medium related to a singular solution of the equation. In this paper the blowup property of the sequence is clarified. Moreover a new formulation of the probe method based on the property is given in some typical inverse boundary value problems.
Introduction
The probe method gives a general idea to obtain a reconstruction formula of unknown objects embedded in a known background medium from a mathematical counterpart (the Dirichlet-to-Neumann map) of the measured data of some physical quantity on the boundary of the medium. It was introduced by the author and applied to several inverse boundary value problems and inverse scattering problems (see [3, 4, 5, 7] ).
The aim of this paper is to further investigate the probe method and give a new formulation of the probe method, which may be simpler than the previous formulation. Since this paper is related to the idea of the probe method, we mainly consider only a simple and typical inverse boundary value problem for the Helmholtz equation which can be considered as a reduction of the inverse obstacle scattering problem, e.g., with point sources (see [5] for the reduction).
Let Ω be a bounded domain in R m (m = 2, 3) with Lipschitz boundary. Let D be an open subset with Lipschitz boundary of Ω and satisfy that D ⊂ Ω; Ω \ D is connected.
We denote by ν the unit outward normal relative to Ω \ D. Let k ≥ 0. We always assume that 0 is not a Dirichlet eigenvalue of △ + k 2 in Ω and that 0 is not an eigenvalue 
This is a consequence of Theorem 4 in [5] which states the Runge approximation property for the stationary Schrödinger equation (see also appendix A.1). Define
where f n (y) = v n (y; c t ), y ∈ ∂Ω. We have already established the following [5] .
Theorem 1.1. Assume that both ∂Ω and ∂D are C 2 . Then, for any needle c the formula
is valid.
Since we have the formula
we obtain the reconstruction formula of ∂D from Λ D through (1.1), (1.2) and (1.3). This is the original formulation of the result obtained by applying the probe method. From this theorem we know that I(t; c) = lim n−→∞ I n (t; c) exists if 0 < t < t(c; D). In addition, it is easy to see that lim t↑t(c;D) I(t; c) = ∞ in the case when t(c; D) < 1. However, if 1 > t ≥ t(c; D), we did not mention explicitly the behaviour of I n (t; c) as n −→ ∞ in the papers devoted to the probe method. Recently Erhard-Potthast [1] studied the probe method numerically. They considered, as an example, an inverse boundary value problem for the Helmholtz equation for soundsoft obstacles (u = 0 on ∂D) and computed an approximation of the corresponding indicator function by employing the techniques of the point source and singular sources methods by Potthast [11, 12] . Their computation results show that the absolute value of the approximation takes a large value when t > t(c; D) and c(t) ∈ D. This suggests the blowup of the indicator function when the parameter t in the indicator function is greater than the impact parameter and the corresponding point on the needle inside the unknown objects.
In this paper we give the proof of the blowup property of the indicator function provided k is small enough. More precisely, we obtain: if t(c; D) < 1 and 1 > t ≥ t(c; D), then lim n−→∞ I n (t; c) = ∞ under suitable conditions on c. If c(t) ∈ D, then this result gives a verification of Erhard-Potthast's computation result. However, our result covers the case also when c(t) is outside D (see Figure 1 for the geometry). However, for the description of the result we do not make use of the formulation given above. We give a new and simpler formulation of the probe method. In the formulation, we do not make use of the impact parameter.
New formulation of the probe method
In this section, we introduce a new formulation of the probe method. Given a point x ∈ Ω let N x denote the set of all piecewise linear curves σ : [0, 1] −→ Ω such that (1) σ(0) ∈ ∂Ω, σ(1) = x and σ(t) ∈ Ω for all t ∈]0, 1[; (2) σ is injective. We call σ ∈ N x a needle with tip at x. For the new formulation of the probe method we need the following. Definition 2.1. Let σ ∈ N x . We call the sequence ξ = {v n } of H 1 (Ω) solutions of the Helmholtz equation a needle sequence for (x, σ) if it satisfies, for each fixed compact set
Needless to say, the existence of the needle sequence is a consequence of Proposition 1.1. The problem is the behaviour of the needle sequence on the needle as n −→ ∞.
Here we make a definition. Let b be a nonzero vector in R m . Given x ∈ R m , ρ > 0 and θ ∈]0, π[ the set
is called a finite cone of height ρ, axis direction b and aperture angle θ with vertex at x. The two lemmas given below are the core of the new formulation of the probe method.
Lemma 2.1. Let x ∈ Ω be an arbitrary point and σ be a needle with tip at x. Let ξ = {v n } be an arbitrary needle sequence for (x, σ). Then, for any finite cone V with vertex at x we have lim
Proof. We employ a contradiction argument. Assume that the conclusion is not true. Then there exist M > 0 and a sequence n 1 < n 2 < · · · −→ ∞ such that
Take a sufficiently small open ball B centred at x with radius R such that B ⊂ Ω and σ(]0, 1]) ∩ B becomes a segment having x as an end point. Then one can find a finite cone V ′ ⊂ V with vertex at x such that, for every ǫ with 0
where B x (ǫ) stands for the open ball centred at x with radius ǫ. Thus we have
Since ǫ can be arbitrary small, applying Fatou's lemma for ǫ = 1/l as l −→ ∞ to the integral, we obtain
However, using polar coordinates centred at x one can show that this left hand side is divergent. This is a contradiction and completes the proof. ✷ Lemma 2.2. Let x ∈ Ω be an arbitrary point and σ be a needle with tip at x. Let ξ = {v n } be an arbitrary needle sequence for (x, σ). 
Applying the trace theorem to B ′′ , we have
Choose a C 2 domain U in such a way that Σ ≡ ∂U ∩ ∂B ′′ has a positive surface measure on ∂B ′′ , dist (∂U \ Σ, σ) > 0, x ∈ U and |U| is sufficiently small in the following sense:
where ω m is the volume of the unit ball in R m . This last inequality implies that 0 is not a Dirichlet eigenvalue of △ + k 2 in U (see Lemma 1 in [14] ). Choose an open ball B ′′′ centered at x such that B ′′′ ⊂ U (see Figure 2 for the geometry). Then (A.2) for the case when W = U gives
From (2.1), (2.2) and (2.3) we obtain the estimate of ∇v in B ′ in terms of ∇v in B ′′′ from below:
On the other hand, from Lemma 2.1, one knows that
Thus from (2.4) for v = v n ( · ), (2.5) and (2.6) we obtain the desired conclusion. ✷ The argument given above can be applied to other elliptic equations and the elliptic systems by a suitable modification.
A combination of Lemmas 2.1 and 2.2 tells us that any needle sequence for any needle blows up on the needle. The needle sequence behaves like a beam! This is a new fact not mentioned in the previous papers about the probe method.
In order to describe our main result we introduce two positive constants appearing in two types of the Poincaré inequalities (e.g., see [15] ). One is given in the following.
Proof. This is nothing but a standard compactness argument. ✷ The dependence of C 0 (Ω \ D) on Ω \ D should be clarified. However it is not the aim of this paper. Another is given in the following.
where C(U) is a positive constant independent of v and
Proof. Again, this is nothing but a standard compactness argument. ✷ As a corollary we have 
where C(U) is the same constant as that of Proposition 2.2 and
Proof. The following argument is taken from [13] (see also [15] for an abstract version). Proposition 2.2 gives
Then again Proposition 2.2 gives the desired estimate. ✷
We make use of the property that C(U)
2 continuously depends on |A| for each fixed U. Definition 2.2. Given x ∈ Ω, needle σ with tip x and needle sequence ξ = {v n } for (x, σ) define
{I(x, σ, ξ) n } n=1,2,··· is a sequence depending on ξ and σ ∈ N x . We call the sequence the indicator sequence. Now the main result is the following.
Theorem 2.1. Assume that D is given by a union of finitely many bounded Lipschitz domains
and min is quite an exceptional case. A similar theorem is valid in the case when D is sound soft. In Theorem 1.1 from a technical reason we needed a restriction on the regularity of ∂D (C 2 regularity). In Theorem 2.1 we need only Lipschitz regularity of ∂D under smallness conditions (2.7) and (2.8) on k(however, being in attendance at the competition on relaxing the regularity of ∂D is not the purpose of this paper). The piecewise linearity of the needle is introduced just for making the geometry simple and can be relaxed. However, from a practical point of view, it is enough. Proof. From Proposition 2.3 we have
where A j ⊂ D j and satisfy |A j | > 0. Then from Proposition 2.1 and (A.3) we have the basic inequality
(2.9)
Choose a sequence {K n } of compact sets of R m in such a way that
Thus one can take a large n 0 in such a way that the set
We know that the sequences {(v n ) A j } for each j = 1, · · · , N are always convergent since
Then the blowup of I(x, σ, ξ) n comes from the blowup of the sequence 
As a corollary of Theorem 2.1 we obtain the characterization of Ω \ D. 
The reflected needle-an example
In this section we formulate a problem related to the behaviour of the sequence of reflected solutions by an obstacle introduced below (in the case k = 0) and give an explicit answer in a simple situation. This is also an application of Lemmas 2.1 and 2.2. Definition 3.1. We say that the sequence {g n } of H 1 (Ω \ D) functions blows up at the point z ∈ Ω \ D if for any open ball B centered at z it holds that lim n−→∞ B∩(Ω\D)
We call the set of all points z ∈ Ω \ D such that {g n } blows up at z the blowup set of {g n }. Given x ∈ Ω, needle σ with tip at x and needle sequence ξ = {v n } for (x, σ) let u n solve
The function u n − v n is called the reflected solution by the obstacle D. It is easy to see
and thus the blowup set of sequence is empty.
We raise the following. Problem. What can one say about the blowup set of
Here we consider the problem in a simple case in two-dimensions. Let R > ǫ > 0. Ω and D are given by the open discs centered at the origin with radius R and ǫ, respectively. We show that, in the case when x ∈ D, the blowup set of {u n − v n } is given by a suitable curve in Ω \ D obtained by transforming the part of needle σ in D. We call the curve the reflected needle. (2) 
Then the blowup set of the sequence {u n − v n } coincides with the curve σ R given by the formula (see Figure 4 for an illustration of σ R )
in such a way that ϕ = 1 in a neighbourhood of σ(]0, 1]) ∩ D and ϕ = 0 in a neighbourhood of the circle centered at the origin with radius ǫ 2 /R. Given needle sequence ξ = {v n } for (x, σ) definẽ
Note that this is nothing but the Kelvin transform of the function ϕv n with respect to the circle centered at the origin with radius ǫ.
This function vanishes on ∂Ω. A direct computation by using the polar coordinates around the origin gives the formula
where g is an arbitrary function in R 2 \ {0}. Applying this formula to g = ϕv n , we have
This right-hand side is convergent as n −→ ∞ since both ∇ϕ(y) and △ϕ(y) vanish in a neighbourhood of the curve σ(]0, 1]) ∩ D; both v n (y) and ∇v n (y) are convergent in L 2 (K) as n −→ ∞ where
and 0 < η. A direct computation also gives
This right hand sid is convergent in H −1/2 (∂D) since both ∂ϕ/∂ν and 1 − ϕ vanish for z close to the single point in the set σ(]0, 1]) ∩ ∂D. Then the well posedness of the mixed boundary value problem yields that the sequence {R n } is bounded in H 1 (Ω \ D). Then from Lemmas 2.1 and 2.2 one obtains the desired conclusion. ✷ Figure 4 : An illustration of σ R .
We think that Proposition 3.1 is a special case of a more general theorem that shall give the description of the blowup set of {u n − v n } by using a curve obtained by a rule. In a forthcoming paper we will consider the problem of seeking such a rule for general D, Ω and k > 0.
Remark
It is possible to obtain the corresponding results in other applications of the probe method (see [3, 7] ). 
is bounded. Moreover given x ∈ Ω and needle σ with tip at x we have that if
This theorem suggests that the new formulation of the probe method can probably be considered as a final generalization of the enclosure method introduced in [6] . The needle sequences play the role similar to the special harmonic functions coming from MittagLeffler's function in a generalized enclosure method given in [8, 9] . The proof is a direct consequence of the system of the integral inequalities ( [2] ) and Lemmas 2.1 and 2.2 for k = 0.
We point out that the behaviour of {I(x, σ, ξ) n } for general x ∈ D is not clear without a global assumption on h in D. However, one can easily deduce that if h or −h has a positive lower bound in a neighbourhood of
In my opinion, it is impossible to know the behaviour of I(x, σ, ξ) n as n −→ ∞ for x ∈ D from the property of the needle sequence in the case when both h and −h do not have a positive lower bound in any neighbourhood of σ(]0, 1]) ∩ D. For this purpose we have to study the behaviour of the sequence of reflected/refracted solutions by the obstacles, inclusions and cracks. We also think that the study may enable us to drop the restriction on k given by (2.7) and (2.8).
(1) f in (A.1) of the paper should belong to {H 1 (U)} * and satisfy f (v| U ) = 0 for all v| U ∈ Y ; (2) the right hand side of (A. 
Thus we obtain (A.2).
✷
The reader can see this type of argument for the proof of this proposition, e.g., in [10] . A.3. An integral identity. The identity below has been established in [5] . 
